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Abstract

We consider a two-candidate campaign competition in majoritar-
ian systems with many voters. Some voters are loyal, some can be
influenced by campaign spending. Own loyalty with respect to a can-
didate is the voter’s private information. Candidates simultaneously
choose their campaign budgets and how to allocate them among the
voters. We show that a candidate who has a group of loyal voters
wins with a higher probability, but chooses the same expected budget
size as the rival candidate. The equilibrium distributions of campaign
spending target all voters equally in expectation, but target some vot-
ers more than others ex post.
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1 Introduction

Campaign spending is an important aspect of electoral competition.! Tt
has often been formalized as a vote-buying activity, much like in an all-pay
contest. Seminal contributions include Erikson and Palfrey (2000), Che and
Gale (1998), Sahuguet and Persico (2006), and Meirowitz (2008).? Much of
this literature considers the electorate as a homogeneous group or assumes
that all voters receive the same campaign treatment by the candidates. This
allows previous papers to focus on the choice of the total amount of spending,
which then translate into candidates’ vote shares. However, this restriction
is becoming a concern as microtargeting of campaign spending at the level
of individual voters is becoming the norm.? Targeting, or more generally,

the allocation of campaign spending on different voters or voter groups is

!The amounts expended on electoral campaigns are sizeable, and seemingly in-
creasing.  According to the New York Times, for instance, campaign spending
for Barack Obama and Mitt Romney were $ 985.7m and $ 992.0m in 2012 (see
http://elections.nytimes.com/2012/campaign-finance, as viewed on May 27, 2014). As
Meirowitz (2008) points out, precise policy statements play a minor role in this type of

persuasive campaign spending.
2The all-pay contest nature of electoral competition has also been stressed in many

other important contributions. These include Skaperdas and Grofman (1995), Diermeier
and Myerson (1999), and Pastine and Pastine (2012). See also Snyder (1989) for an earlier

study on political campaign expenditures.
3A feature story of the MIT Technology Review in 2012 describes the increas-

ing availability and usage of microtargeting in the last two US presidential elec-
tions (see http://www.technologyreview.com/featuredstory /509026 /how-obamas-team-
used-big-data-to-rally-voters, as viewed on July 21, 2014). Kenski, Hardy and Jamieson
(2010) and Ridout, Franz, Goldstein, and Feltus (2012) highlight the role of microtargeting
in the media in the US presidential elections. Jamieson (2013) envisions a change in elec-
toral competition from a focus on swing states to swing individuals. Hersh and Schaffner
(2013) highlight that partisans and candidates increasingly target their campaign contri-

butions at the individuals’ level.



less carefully studied in formal analyses.* Politicians and their campaign
managers have to decide not only how much campaign money to mobilize
and spend, but they also have to decide how to spend the money. This dual
choice is at the core of our analysis where politicians decide not only about
their budgets for campaign spending but also about the allocation of their
budgets among voters.

Allowing targeting of campaign spending to take place at the level of
individual voters raises questions about the information available to candi-
dates about characteristics or types of voters. Voters typically differ in their
loyalty to candidates. Since politicians’ objective during electoral campaigns
is to insure the support of the voters for the upcoming election, channeling
scarce resources to the voters that can be convinced is the politicians’ Holy
Grail.® We capture this important aspect by introducing some information

asymmetry between voters and candidates about individual voters’ loyalty.®

More specifically, we study a majoritarian electoral competition between
two candidates who choose simultaneously their budgets for campaign spend-
ing and how to allocate their budgets among a large number of voters. The
voters may differ in their loyalty to candidates and candidates may be in-
completely informed about individual voters’ loyalty.

The characterization of the Nash equilibrium of our electoral game leads

to the following main results: (1) Loyalty advantages lead to an equilib-

4An important exception is Sahuguet and Persico (2006). We clarify the differences

with our paper below.
The Obama 2012 campaign used big data techniques and experimental meth-

ods to try to identify the voters most likely to change their views about the candi-
dates after hearing Obama’s arguments and then channel resources to such type of
voters (see http://www.technologyreview.com/featuredstory/509026 /how-obamas-team-

used-big-data-to-rally-voters, as viewed on July 21, 2014).
6Heterogeneity of voters along this dimension and issues of incomplete information have

been assessed empirically, see Basinger and Lavine (2005), for instance.



rium in which the advantaged candidate wins with a higher probability, but
chooses the same expected budget size as the rival candidate. (2) While a
candidate treats voters symmetrically from an ex-ante point of view, the ex-
post transfers offered to different voters have considerable variance. Some
voters are the targets of much campaign spending, others receive little. (3)
A similar variability emerges in the equilibrium for campaign budget choices,
due to the non-existence of an equilibrium in pure strategies. (4) When the
loyalty of voters is observed by candidates only buyable voters get positive
transfers in expectation, however, the expected budgets for campaign and
the allocation of budgets among the buyable voters are identical to the case
with private information. (5) The second and third result jointly lead to
major outcome heterogeneity in vote shares. Hence, the equilibrium which
we consider endogenously generates large supermajorities, even if candidates

and voters are perfectly symmetric ex ante.

In a majoritarian system, a politician’s payoff has a sharp discontinuity
at 50 percent of the votes. Rather than allocating a given campaign budget
homogeneously among the whole set of voters, this discontinuity makes it
worthwhile to focus on the votes of a majority group.” The first systematic
and seminal formal analysis of the targeting of individual voters in electoral
competition in a majoritarian system is by Groseclose and Snyder (1996,
2000) and Banks (2000). They allow for a large, typically finite set of voters,
such as in a committee or a legislature. Voters differ in their inclination to
vote for one or the other candidate. In their framework the preferences of
individual voters are known to the political candidates. A key assumption in
their analysis is that candidates choose their vote-buying efforts sequentially,

with the incumbent choosing first, followed by a challenger.® They show

"Jaryczower and Mattozzi (2013) discuss the importance of this discontinuity for elec-

toral competition in majoritarian systems and compare it with plurality systems.
8Dekel, Jackson, and Wolinsky (2008, 2009) extend this analysis by allowing the can-
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that this set-up typically generates supermajorities: rather than buying just
a tiny majority of votes, in the Stackelberg equilibrium the incumbent tends
to ‘buy’ a supermajority.”

A sequential order of moves with the challenger moving second is to the
advantage of the challenger, but to the disadvantage of the incumbent. There
might be instances when a challenger may nevertheless be in this advanta-
geous position. However, as both players would like to choose their targets
last and prefer to keep own budget allocation choices secret and not give the
competitor an easy way to react to their choices, a simultaneity of choices
may be more frequently the case. In many contexts where our model may be
applied, such as for juries, vote buying may be an illegal, or an illegitimate
action, such that the bids are preferably made in private/secretly. Simultane-
ity of the two candidates’ choices is also a plausible outcome in such cases.
Simultaneity of choices changes the structure of equilibrium dramatically.
Pure strategy equilibrium vanishes, and in the Nash equilibrium candidates
need to rely on mixed strategies when choosing their budgets and their bud-
get allocation rules. We focus on a situation in which both competitors must
make their budget choices not knowing the budget size and the allocation

rule chosen by the competitor. In the resulting Nash equilibrium they will

didates to alternate in making vote-buying offers until they no longer want to make new

offers to voters.
9Their result has a nice intuition. The strategically disadvantaged candidate who makes

his vote purchases first anticipates the vote-purchasing options of the follower candidate.
To make the life of the follower candidate harder it may be worthwhile to buy a super-
majority of voters. If the leader just bribed 50.1 percent of the voters, the follower could
purchase the votes of 49.9 percent of the voters for almost nothing and would only have to
expend money to purchase a very small margin of less than 0.2 percent of the voters who
received an offer by the leader candidate. If instead, the leader candidate made payments
to 70 percent of voters, then the follower would get 30 percent of the votes for a very low
price, but the follower would need to buy almost 20.1 percent of votes for a high price.

The logic of this argument strongly relies on sequential choice.



have expectations about the actions of their competitor, but none of them
will have the strategic advantage of the follower who can see which votes
are actually cheapest to buy. Simultaneity not only triggers higher formal
complexity, but it also addresses an empirically highly relevant case. The
Nash equilibrium is characterized by supermajorities which emerge with a
very high probability. Hence, the analysis offers an explanation for the emer-
gence of supermajorities. Here, supermajorities are caused by a different
mechanism and follow a different pattern.

Our contribution is also indirectly related to another large literature that
focuses on electoral promises. Drawing on the tradition of Colonel Blotto
games,'® Myerson (1993) considers a continuum of voters and two candi-
dates who announce platforms that specify whom to tax and whom to give
money to. Lizzeri and Persico (2001) broaden this perspective by allowing
candidates to use the tax revenue to bribe voters or to spend it on public
goods. Kovenock and Roberson (2009) and Crutzen and Sahuguet (2009)
allow for inefficiencies in this process of reallocating or collecting resources,
respectively. We adopt some features from this literature (a large group
of voters, simultaneous choices made by the candidates, differentiating and
targeting net transfers to each single voter), but we depart from it, allow-
ing the candidates to choose the size of their budgets. The paper also of-
fers new theoretical insights that contribute to this literature. It departs
from the common-knowledge assumption about voters’ genuine preferences.
Rather, voters are heterogeneous in their loyalties. Candidates know about
the distribution of these loyalty types, but do not know the type of each

individual voter. Incomplete information of this kind affects targeting in the

OFarly contributions to this literature are Gross and Wagner (1950) and Shubik (1970).
A most encompassing treatment of the problem is by Roberson (2006). Kovenock and
Roberson (2008) apply this theory in the context of electoral competition. Barelli, Govin-
dan and Wilson (2014) address the same structural problem on a more general level. For

a survey see Kovenock and Roberson (2012).



equilibrium. Incomplete information about voters’ type is also assumed in
Bierbrauer and Boyer (2014). They study the political outcome in classi-
cal frameworks in normative public economics (publicly provided goods and
redistributive taxation). Their and our framework have in common that
candidates are ignorant about the individual voters’ types, let it be either
preferences over policies as in Bierbrauer and Boyer (2014), or loyalty towards
candidates as in our case.

Sahuguet and Persico (2006) consider a two-stage game, where the sec-
ond stage is similar to a model of redistributional politics in the spirit of
Myerson (1993), but with proportional representation. Prior to this stage,
candidates can invest effort that increases their perceived valence. This va-
lence increases the budget available for redistribution in the second stage
since the more valent candidate needs fewer resources to bribe voters. Their
first-period choices are mutually observed and are common knowledge at the
second stage. Proportional representation avoids the important discontinu-
ity in payoffs that is generated by a majoritarian system. Our paper instead
looks at a majoritarian election with a simultaneous choice of budget and

budget allocation rule.

We proceed as follows. Section 2 describes the formal framework. Section
3 solves for the Nash equilibrium. Section 4 presents a discussion of the role of
private information about loyalty in political campaigns and shows how our
framework generates supermajorities. The last section contains concluding

remarks. We also relegate some of our proofs to the Appendix.



2 The formal framework

Let there be an electorate/legislature/jury /committee which consists of a
continuum of voters of measure 1.1 The members i of the set choose between
two candidates by majority voting. One candidate is denoted by A, the other
by B. Each candidate would like to win the election. Each candidate may try
to influence the decision outcome. Candidates A and B choose a vote-buying
budget, measured in money and denoted by a > 0 and b > 0, respectively.
The quantities a and b are chosen independently. The candidates may use
mixing and can choose random distributions from which the actual a and b
are drawn. We denote the cumulative distribution functions of these random
distributions as ®(a) and I'(b). The vote-buying candidates must also decide
how to allocate these budgets among the different voters. Each voter can
receive different amounts of campaign spending. We denote by z; and y; the
amounts received by voter i from candidate A and B, respectively. For any
budget a and b, the vote-buying candidates choose the amounts of the bribes
awarded to each given voter. Candidates can use mixing on these bribes
and can choose random distributions from which z; and y; are drawn. We
denote the cumulative distribution functions of these random distributions
as F, and G, where the subscript refers to the budget a and b, respectively.
The budget constraints require that the mean of the distributions F, and G,
is equal to the budgets such that

+oo +oo
/ zdF,(z) = a and / ydGy(y) = b.
0 0

A strategy of candidate A consists of a choice of (®, F,): a mixed strategy

on the budget size, and a set of distribution functions F, that describes

"' The application of our model to jury or committee may be sensible to the assumption
that the population of voters is large. However, the technical difficulties raised by a small
electorate makes to it useful to get, as a first approximation, qualitative results in the case

where the jury or committee has many members.



the distribution of bribes for each possible budget a. Similarly, a strategy
of candidate B consists of an analogous pair (I', G). All choices by both
candidates take place simultaneously, where the distribution functions &, I’
F, and G, are from the set of feasible cumulative distribution functions.
Representatives of actions chosen from these sets will be denoted (@, F,)
and (T, Gy) for A and B, respectively. This completes the description of the
candidates’ strategy space.

Note that this description logically decomposes the vote-buying decision
into two: one decision is on the expected amount of money to be used. We
refer to it as the budget choice. A second decision is on how to allocate this
money among the voters. We refer to it as the budget allocation choice. This
provides a useful logic structure to the decision problem and it also has its
mirror image in the characterization of equilibrium.

Neither the budgetary choices nor the budget allocation choices of one
candidate can be observed by the other candidate prior to this candidate’s
own choices. From a strategic point of view, both the budget choices and the
budget allocation choices take place simultaneously such that the relevant
equilibrium concept is Nash equilibrium, and not subgame perfect equilib-
rium.

Vote buying may affect the choices of some voters more than the choices
of other voters. We assume that each single voter is either a loyal voter for
candidate A, or a voter who can be bought.'> A loyal voter always votes
faithfully for candidate A, irrespective of any vote-buying activities. Loyalty
for party A is independently and identically distributed across voters and

each voter i is a loyal voter for party A with probability A € [0, %).13 With

2]t saves notation if we consider the case in which only candidate A has loyal voters.
But the analysis can be extended with some notational effort if both candidates have

shares of loyal voters.
BIfA > % the problem degenerates and becomes uninteresting. The pivotal voter would

be loyal in this case, and any vote-buying effort would be fully wasted. Vote buying and



probability 1 — A the voter is buyable. If the voter is buyable the voter
votes for A if z; > vy;, for B if y; > z;, and randomizes symmetrically if
x; = y;. Hence, by the law of large numbers, the candidates know the
aggregate share A of voters who cannot be bought. However, whether a
specific voter ¢ belongs to the buyable group or to the group of loyal voters
cannot be observed by the vote-buying candidates when they make their
budget allocation choices. A voter who cannot be bought takes the money
but votes for the candidate he or she prefers, irrespective of the x; and y;
received. Whether a voter is loyal or can be bought is known to the voter.

The assumed choice behavior of voters respects and maps an important
time-consistency problem: voters may take the bribes and then still follow
their genuine preferences. In this case, suppose that a set A of voters strictly
prefer candidate A, whereas the set of voters with measure 1— A is just indif-
ferent between the two candidates. Time-consistent voting behavior suggests
that loyal voters do not reveal their loyalty. They just take the payments
(from both sides) and then cast their own vote according to their genuine
preference. Vote-buying payments to voters in the subset A would have no
influence on their voting choices. As will become clear when loyalty is ob-
servable, candidates who would like to save on their resources prefer not to
make payments to these voters. But it may be impossible for them to iden-
tify and distinguish this group from buyable voters, i.e., from voters whose
voting choice is a non-trivial function of vote-buying. This latter group are
the voters who are indifferent between A and B. For them, the comparison
of payments x; and y; triggers their candidate choice.

Finally, we turn to the preferences of the vote-buying candidates. Each
candidate attributes a prize value of v = 1 to winning the election. This
value may be thought of as the benefit of being enabled to extract or divert

resources for their own benefit. Accordingly, the actual payoff of A who

then budget choices would be inconsequential for the majority outcome.
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expends amount a on vote buying is

l1—a if o4 >

VA = %—CL if o4=

—a if ox<

IR N~ N

where o4 is the share of voters voting for A. The payoff vp is defined analo-

gously.

3 Equilibrium characterization

This section characterizes the equilibrium budget choices and budget alloca-
tion rules. Intuitively, we expect that the existence of loyal voters generates
an advantage for A, even under the conditions of incomplete information.
The following theorem shows how this advantage translates into equilibrium

vote-buying budgets, distributions of payments, and winning probabilities.

Theorem 1 The choices of (P, F,), (I', Gy) with

—2A —2A T —A
F(e) = 1— 11_2A + 11_2A PRy for xz €0, 2a11_2A] W
a —A )
1 for x> 2a 11_2A
Coly) = 2% for yel0,20] @
1 for y>2b
CI)(CL) B 111a2AA Jor a€ [07 11__2AA) <3)
N 1 for a> 128
Z 1A
and
P = 1— 128 4 % for bel0,1) n
1 for b>1

constitute a Nash equilibrium. FExpected campaign budgets are

11-2A )
C21-A"

Fa=FEb

11



Expected payoffs in this equilibrium are

Evy = T A and Evp =0, (6)
and winning probabilities are
1 1 11-2A
ERE TR g

Proof The structure of the proof follows steps (1) to (V): (1) We consider
the optimality of Gy, as in (2) for a given b, given that the budget a is drawn
from a distribution ®(a) and is allocated according to the rule (1). (11) We
consider the optimality of (1) for a given a if candidate B chooses (G, T').
(I1I) We draw conclusions about the candidates’ payoffs as functions of
(a,b). (IV) We use these results to confirm the optimality of the choices ®
and I". (V') We show that A and B expend the same budget in expectation,
that A has a higher payoff and a higher probability of winning than B if

A > 0 in the equilibrium.

Step (I): We show that G}, maximizes B’s winning probability for a given

b, for all values of (i) a = 222, (i) a > :22b, and (i) a < =220

(i) We start with the case a = L=22b. As F,(z) = 1 for > 2a{=5, the

allocation rule F, induces a vote share for B that is equal to

OB:(l—A)

Y

2(1711:?A +o00
/ Fy(x) dGy(x) + / 4Gy ()
0 2a 11—_2AA

since the share of the vote of candidate B is equal to the probability that any
random voter, among the non-loyal voters, receives an offer from B which is

higher than the offer he receives from A.

12



Inserting (1) and using dGy(y) = 0 for all y > 2b = 2 a5, we find

[ 1_9A  1-92A g
op = (1-A / (1-— + —) dGy(x
B ) o I-A T 1-A 2%1_2%) ()

_ _ 2
= (1-A4)(1- L-24 + -4 11_ / x dGy(z)
0

1—A 1-A 2¢=5

[ 1-2A 1-2A b ]_1

— a-A) - 4 ==,
L 1-A 1=A 2“11—2AA 2

where the equality in the third line follows from the budget constraint, and

1-A
1-2A"

the last equality follows from b = a

We now show that o = % is the maximum vote share 65 that can be

reached for any feasible G with an expected budget b = all__2AA. Note that

o5 = (1—A) Uompa(x) déb(x)}

_ — +oo R
1_1 2A+1 2A 1 / v dCy(x)
0

1-A  1-A2a=5

< (1-4)

- )

where the inequality in the second line is strict whenever x > 2a 11_—2AA has

positive mass. The last equality follows from the budget constraint and from

1-A
1-2A~

b=ua

Accordingly, G} yields the maximum vote share that is equal to % and

1
5

11__2AA b. We show that (G is also optimal

leads to a winning probability ¢z =

(7i) Now we turn to the case a >
for this range of budgets for candidate A. Note that

1-A

20734 1
op=(1—A) / F,(z) dGy(x)| < 2
0

13



and, hence, gg = 0. To show the optimality of G, in this range it is sufficient

to show that no other éb(x) exists that yields o5 > % Consider

o = -2y " h) iGafo)

1-2A 1-2A 1 oo A
1_1—A+1— 1—A ZEdGb(l‘)

< (1-4)

N —

positive mass, the last strict inequality follows from the budget constraint
and holds for all a ~ > b. We conclude that gg = 0 for all a > 2Ab and
all Gy(z) with an expected budget b.

—2A

(i4i) Now we turn to the case a <
(2) yields

=b. In this case, inserting (1) and

i 2@% —+o00
o5 = (1-A) /O Fa(x) dGh(x) + / dGh ()

a2A

20755 1—-2A 1-2A =z 1 |
= (1-A) / (1- + =) d:U—I—/ —dx
0 1-— A 1-— A 2@1 A 2b 2a 11—_2AA 2b

-1_2A 20755 T 1 1 [
- (1-A 1) —dz+— | 4
a
- (1fA)_—2—b+1}
1-2A
b 1
1-A)|1-1=2 -
> | ) 2 ] 2

The strict inequality in the last line holds because a < 1 2Ab Now, op > 5
implies g = 1, and this is the maximum winning probablhty. It cannot be

increased by a different G(z). This concludes the first part of the proof.

Step (II): We now turn to the optimality of the allocation rule (1) for a
given a and given that b is drawn from a distribution I'(b) and is allocated

according to the rule (2). We confirm this again in three parts showing that

F, is an optimal reply if b = 1 2Aa ifb> ¢ a.

A

14



The share of the vote of candidate A is equal to the share of loyal voters
plus the probability that any random voter, among the non-loyal voters,
receives an offer from A which is higher than the offer he receives from B.

Thus,
oa=A+(1—A) U;m Gb(x)dFa(x)}

It is easy to find that, applying the equilibrium actions, (1) and (2) imply
that

1. —A . :
op > §1fb<1_2Aa,1mply1nqu:1,
oa = % if b= %a, implying g4 = %, and
o4 < % if b > %a, implying g4 = 0.
We now consider for b = 11:2AA a, for b > 11:2AACL and for b < 11:2AACL if there is

an F,(z) that yields a higher winning probability.

(i) For b < 11_—2AA a, any Fa(:p) could not increase the winning probability

further, as it is already equal to 1.

(ii) For b = {=5-a the allocation rule (1) induces a vote share for A that
is equal to % and a winning probability ¢4 = % We ask if there exists Fa(x)

that yields a vote share that exceeds % The vote share is

64 = A+(1-A) U;w Gb(a:)dﬁa(x)]

< A+4(1-A) Uom %d;@)]

11-2A 1
= ARy Ty

for all feasible Fa.

(iii) For b > {=5 a the allocation rule (1) induces a vote share for A that

is smaller than % and a winning probability ¢4 = 0. We ask again if there

15



A

exists F,(z) that yields a positive winning probability. The vote share is
+o0
o4 = A+ (1-A4) [/ Gb(x)dFa(x)]
0

< A+ (1-A) U;OOQ% dﬁa(x)}

a
= A+ (1-A)—
+( )30

a 1

< A+(1-A)———==.

21172AAG 2

The last strict inequality comes from b > 11:2AA a. This completes Step (II).

Step (III): The proof in (I) and (II) identified a hyperplane

1-2A
a(b) = 1—Ab’

which separates the a — b space such that

1 if a>a(b)
gala,b) =< 1 if a=a(b) ,
0 if a<a(b)

and gg =1 — qa.

Step (IV): We can solve the problem of choosing a and b as a reduced
game with payoffs Fvqy = g4 — a and FEvg = gg — b that is equivalent to an
all-pay auction in all-pay bids a and b. This problem is equivalent to Konrad
(2002) and, in the context of campaign competition, to Meirowitz (2008).
The equilibrium solution is (3) and (4).

We confirm that (3) and (4) are mutually optimal replies as follows. Con-
sider first the optimality of ®(a) given I'(b). Candidate B will not expend
an expected budget that exceeds b = 1 and does not have a mass point on

b = 0. Hence, candidate A wins with probability 1 for all a > a(b). Given

16



['(b), A’s payoff as a function of a in the range a € (0, %) is
1—-2A A
EUA<CL):F(b(CL))—CL:1—1_A:1_A (8)
where b(a) = {=%xa is the inverse function of a(b). This shows that any

a € (0, 1112AA) yields the same expected payoff for A. Hence, a random choice

according to ®(a) is optimal for A.
Similarly, the payoff of B as a function of b for a given ®(a) is

1-A b 1-A1-2A

Evp(b) = ®(a(b)) —b= ;—ralb) —b= "5+

b—b=0. (9)

Hence, a random choice according to I'(b) is optimal for B.

Step (V): As a final step we calculate the expected budgets, expected
winning probabilities, and expected payoffs in the equilibrium. Equation (5)
follows directly from (3) and (4). Expected payoffs are calculated in (8) and
(9). Randomization according to (3) and (4) implies that the probability
for a = a(b) is zero. Hence, the probability that A will win is equal to the
probability that a > a(b). It follows from (3) and (4) that this probability is

equal to equation (7). m

The proof of Theorem 1 combines two elements. One element is the equi-
librium budget allocation rule, which is related to the literature on Colonel
Blotto games (Gross and Wagner 1950; Shubik 1970; Myerson 1993; Rober-
son 2006).'* The second element is the endogenous choice of the vote-buying
budget that is reminiscent of the equilibrium outcome in all-pay contests
(Hillman and Riley 1989; Baye, Kovenock, de Vries 1996; Siegel 2009). The
main insight that allows for the proof of Theorem 1 is that the overall prob-
lem can be decomposed into these two elements: a budget choice problem

and a budget allocation problem.

4 For the case where all voters are buyable, i.e., A = 0, our budget allocation rules for

fixed a = b reduce to a structure that has been studied by Myerson (1993, Theorem 1).
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Figure 1: The bold line is a(b) for A = 0.2. Candidate A wins a majority of
votes for budget combinations (a,b) above the bold solid line and loses the

elections for budget combinations below this line.

The key to the intuition for the proof is to identify the sharp discontinuity
in the equilibrium winning probability that emerges in a majoritarian system
for all budget combinations (a(b),b). This locus is mapped in Figure 1 for
A =0.2.

If for two given budgets a and b, the budget of candidate A exceeds a(b),
then the equilibrium allocation rules lead to o4 > % The winning vote share
may be far below 100 percent, but in a majoritarian system candidate A’s
winning probability g4 becomes equal to 1 for all combinations (a, b) above
the thick line a(b) in Figure 1. On the other side of the hyperplane a(b),
for a < a(b), the equilibrium allocation rules imply that A’s vote share is
below 50 percent. In a majoritarian system this is as bad as a vote share
of zero, as it implies that A will lose with probability 1. A crucial aspect

of the proof of Theorem 1 is to show that unilateral deviations from the
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equilibrium allocation rules do not affect this outcome at points which are
not on the hyperplane defined by a = a(b). It is the relative size of the
budget which ultimately determines whether a player wins or not. It is this
property that translates the problem into an all-pay contest in budget size.

One may argue that F;, and G} as described in Theorem 1 may not matter
much, simply because the set of combinations of (a,b) along a = a(b) receives
zero probability mass given the equilibrium choices ® and I". However, the
choices ® and I' interact with the choices of F, and G} and the candidates
choose their budgets optimally as in the all-pay contest only in view of the

budget allocation rules they and their competitor choose.

The equilibrium that is characterized in Theorem 1 has a number of
interesting properties.

When all voters are buyable, i.e., A = 0 for all voters, the two candidates
jointly fully dissipate the office rent in expectation. Each of them expends
a budget equal to half the value of the prize of winning office, and each of
them wins with a probability of %

If candidate A has loyal voters (or, more generally speaking, a larger share
of loyal voters than candidate B), this turns out to be an advantage, even
though candidates cannot observe who these loyal voters are. Candidates
expend money on such voters, but these voters will always vote in line with
their loyalties, even if the amount received from the candidate they like is
less than the amount received from B. This means that candidate A will
even win some of the voters which received more money from B than from
A. There are different ways in which having loyal voters may be advanta-
geous: it could increase A’s equilibrium winning probability, it could reduce
the amount of campaign spending that is needed by candidate A to win, or it
could affect both the winning probability and the vote-buying expenditure.

Theorem 1 shows that the advantaged candidate benefits in terms of win-
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ning probability. Candidate A will win with a higher probability, but both
candidates will choose the same expected budget size. This equilibrium out-
come is characterized by candidates with a stronger electoral base winning
more often, and with a campaign budget that does not necessarily exceed
the campaign budget of the underdog candidate.

Theorem 1 is important for an assessment of the large literature that looks
at campaigning as an all-pay contest. A large share of this literature either
considers a black-box voting mechanism in which budget choices turn into
winning probabilities or it applies the assumption that candidates cannot
target their campaign expenditure at single voters or single groups of voters.
Theorem 1 shows that candidates have an incentive to use the option to target
their expenditure at single voters. Even though the individual voter type
(loyal or buyable) is not observable for the candidates, they choose to allocate
their budget for payments from a random distribution, such that different
voters receive different payments. Thus, the equilibrium analysis reveals that
candidates have an incentive to “cultivate favored minorities” as in Myerson
(1993): some voters are treated very well and others are treated very badly.
Even though the budget allocation rule is not uniform and voters receive
different payments in the equilibrium, the budget choices follow rules very
similar to the rules in the studies that treat the voter group homogeneously:
the budget choice follows a pattern that is equivalent to the equilibrium effort

choices in an all-pay contest.
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4 Discussion

4.1 Private information about loyalty and political cam-
paigns

We will now discuss the implications of the privacy of information about
loyalty on political campaigns. As follows from Theorem 1, if the loyalty
status of individual voters cannot be observed by candidates, then loyal and
buyable voters will receive the same payments in expectation. The proposi-
tion below shows the outcome if we change only one assumption in the game
that has been considered in the main section: we assume that voters’ loyalty

is observable by candidates.

Proposition 1 Under complete information about the loyalty of voters, only
the non-loyal voters receive positive transfers in expectation. The equilibrium
distributions, expected campaign budgets, expected payoffs in this equilibrium,
and winning probabilities follow respectively equations (1), (2), (3), (4), (5),

(6), (7).

The proof of Proposition 1 relies on the same forces as the proof of Theo-
rem 1. Intuitively, switching from incomplete to complete information about
loyalty makes candidates able to target their offers more precisely to buyable
voters only. However, the budget choice and budget allocation rule have the
same shapes under the two informational environments. This comes from
the fact that the intensity of the competition for buyable voters increases
simultaneously since both candidates free up the resources initially spent on
loyal voters, and none of the candidates has an informational advantage in

the two cases.

If the loyalty status of a voter can be observed by candidates, only non-

loyal voters are targeted and get an expected positive transfer in equilibrium.
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This highlights why voters have a strong interest in not revealing their loyalty
status. Indeed, if an individual voter were to reveal his loyalty to any of the
candidates he would lose a positive expected transfer without being able to
affect the candidates’ probability of winning since the electorate is large.
Hence, under incomplete information for both candidates, voters would not
deliberately reveal their loyalty to any of the candidates.

A direct implication from Proposition 1 is that privacy of information
about loyalty makes the campaign spending more inclusive in the sense that
all voters can expect to get positive attention from the two candidates with-

out affecting the expected total budget or winning probabilities.

4.2 Supermajorities

Supermajorities are an important and puzzling phenomenon in majoritarian
systems. If 50.1 percent of the votes is enough to win, if it is expensive to
campaign and acquire votes, and if candidates can approach single voters or
voter groups and treat different voters differently, why would the equilibrium
outcome often be characterized by one party receiving far more than half
of the votes? In the introduction we pointed to some of the literature that
posed this puzzle and addressed this puzzle.

Our results provide a new answer to this question. We focus on the case
where there are no loyal voters, i.e., A = 0. This is the natural case to con-
sider since a perfect symmetry of candidates and voters makes the observation
of supermajorities in majoritarian elections and the implied asymmetry in
the outcome an even more intriguing phenomenon. The following proposition

shows the implications of Theorem 1 for the emergence of supermajorities.

Proposition 2 Supermajorities (defined as vote shares exceeding 1/2) oc-
cur in the vote-buying equilibrium defined in Theorem 1. For A = 0, the

probability of the winner’s share being greater than or equal to o € (%, 1) is
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prob(maz{oca,op} > o0} = (10)

20
Proof For A = 0 we can disregard voters whose voting decision is unaffected
by the vote-buying efforts and the law of large numbers allows us to approx-
imate the vote shares for a given a and b directly. The vote share o4, for
instance, is equal to the probability that a randomly picked given individual

voter ¢ gets a higher payment from A than from B. Using the equilibrium

distributions, the actual vote shares are
a
oala,b) = % and ogp=1—o04.

Consider the distributions ® and I". In the equilibrium these are uniform
distributions on the unit interval. Geometrically, all possible combinations
of a and b are represented by a unit square. Uniform density applies to
all combinations (a,b). The size of an area in this unit square measures the
probability of a random draw (a, b) being located in this area. The probability
of the actual voting share o4 of A being at least equal to some given G4 >
% is equal to the probability that J; > &4, or, equivalently, b < % In the
unit square, for g4 > %, this is an area equal to

11

2042
This is the probability of A receiving a supermajority of at least 4 in the
equilibrium. As the problem is symmetric, this is also the equilibrium prob-
ability of B obtaining a supermajority of this size or higher. Summing up

these probabilities yields (10) and completes the proof. m

Intuitively, the uncoordinated choices of a and b yield unequal budgets,
and these translate into unequal vote shares. For A = 0, we find the density
of supermajorities of the winning party of a given size also from (10). The

first derivative yields

202

9(2(353))
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for the range o € (3,1).

Our result offers a solution to the puzzle described by Groseclose and
Snyder (1996, 2000) and Banks (2000), but for the case of simultaneous
budget choices by the two candidates. Groseclose and Snyder also offered a
possible solution, but their solution relied on the assumption that the two
candidates move sequentially, i.e., for a situation in which the challenger can
commit making his own expenditure choice only once the expenditure choices

of the incumbent have been made.

5 Concluding remarks

Political competition has many dimensions. We focused on campaign ex-
penditures that bribe or influence voters and are of an all-pay nature: they
are expended prior to the election and cannot be recovered by a candidate,
whether he wins or not. The candidates compete in a majoritarian election
and simultaneously make both their budget choices and their choices as to
how to allocate this budget. We also allow for some voters not being influ-
enced by the bribes received when deciding whether to vote for a particular
candidate. This loyalty is the voters’ private information.

Our main results show how the budget choices and the budget alloca-
tions are intertwined with the privacy of information about the voters’ loy-
alty. Whereas our political game differs from previous studies that consider
a Stackelberg framework where one candidate can commit to making vote-
buying decisions when the other candidate has made his choices, our equilib-

rium also predicts the existence of supermajorities in majoritarian elections.
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Appendix

Proof of Proposition 1

We first show that both politicians bribe only the non-loyal voters. The loyal
voters vote for politician A regardless of the possible vote-buying allocation.
Any dollar spent on a loyal voter will be wasted since it has a budgetary cost
without increasing the probability of winning votes for any politician. This
implies that the voters bribed by the politicians are the non-loyal voters only.

The proof of equilibrium distributions and their implication for expected
budgets, payoffs, and winning probabilities follows the same steps as the
proof of Theorem 1. The reasoning, however, applies to the share 1 — A of
buyable voters. This share is deterministic and candidates know the identity
of the loyal voters. To win, candidate A wants to gain a fraction 4 of the
mass 1 — A of buyable voters so that 64(1 — A) = 3 — A or equivalently

= 21(;—32); candidate B wants to gain a fraction g of the 1 — A voters so

that 55(1 — A) =  or equivalently 65 = ﬁ

The structure of the proof follows steps () to (IV') as for Theorem 1. (1)
We consider the optimality of G}, as in (2) for a given b and given that the
budget a is drawn from a distribution ®(a) and is allocated according to the
rule (1). (1) We consider the optimality of (1) for a given « if candidate B
chooses (Gy, I'). (11I). We draw conclusions about the candidates’ payoffs as
functions of (a,b). (IV)) We use these results to confirm the optimality of the
choices ® and I'. (V') We confirm that A and B expend the same budget in
expectation, that A has a higher equilibrium payoff and a higher probability
of winning than B if A > 0.

Step (I): We show that G, maximizes B’s winning probability for a given
b, for (i) a = 1220, (ii) a > 222, and (iii) a < 122,

(i) We start with the case a = =22b. Since F,(z) = 1 for > 2a=5,

the allocation rule F;, induces a vote share for B among the 1 — A buyable
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voters that is equal to

QQII:QAA +oo
op = / F.(x) dGy(x) +/ dGy(x).
0 2(111:2AA
Inserting (1) and using dGy(y) = 0 for all y > 2b = 2 as=, we find

5 2 1-2A 1—-2A =z
7B = /0 e N B 2a11:2i)dGb(x)

1—-2A 1—-2A 1 2
- 1- dG
1—A+1—A2aﬁ/0 = dGy{z)
1—-2A 1-2A b 1 1
1—

—A TTZA 20A  21-A

- 1-

where the equality in the third line follows from the budget constraint, and

1-A
1-2A"

the last equality follows from b = a

We now show that o5 = is the maximum vote share among the

11
21-A
buyable voters 65 that can be reached for any feasible GG, with an expected

budget b = a,ll__QAA. Note that

bn = /0 " R déy()

1-2A 1-2A 1 foo 11
< 1- dGy(z) = =———
= 1—A+1—A2a%/0 v dGh(@) = 57X

where the inequality in the second line is strict whenever x > 2a 11_—2AA has

positive mass, and the last equality follows from the budget constraint and

_ 1A
from b = a;=5%.
Accordingly, G, yields the maximum vote share that is equal to %ﬁ and

leads to qg = %
1-2A
1-A

for this range of budgets of candidate A. Note that

(7i) Now we turn to the case a > b. We show that G is also optimal

5o e [T p ) do L1
op = /0 a(l’) b(l’) < Eﬂ,
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and gg = 0. To show the optimality of G, in this range it is sufficient to
show that no other G’b(x) exists that yields o5 > l— Consider

+oo R

63 = / Fa(a:) dGb(ﬂj)
0

1-2A 1-2A 1 /+oo A 1 1

< 1- + 1—-A
1—-A 1—A2a1 oA

Xz dGb(J?) < §ﬂ y

where the inequality i
positive mass, the last strict inequality follows from the budget constraint

and holds for all a=5% > b. We conclude that g5 = 0 for all Gy(z) with

1 2Ab

expected budget b for all a >
2A

(i) Now we turn to the case a < 1

(2) yields

=b. In this case, inserting (1) and

—A

by = /0 I @) deue) + /2 e

IZA

2075 1—92A 1-92A =z 2
- 1— d —d
/0 s N )2bx+/1a2bx

1 —92A 2a% 1 2b
0 2a

—A ISy b 2b
a
- -2 4
2%
1—2A
> ]__ I_Abzl;
2b 21 - A’

The strict inequality in the last line holds because a < 1 2Ab Now, o >
;1— implies g = 1, and this is the maximum winning probablhty It can-
not be increased by a different Gy(x). This concludes the first part of the

proof.

Step (II): We now turn to the optimality of the allocation rule (1) for
a given a, given that b is drawn from a distribution T'(b) and is allocated

according to the rule (2). We confirm this again in three steps, showing that
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. . . O 1—A
F, is an optimal reply if b = =%
to calculate that, applying the equilibrium actlons, (1) and ( ) imply that

sy > LT28g 178 =1

04 21—A1 1_2Aa71mpy1ngQA_ )
1—-2A 1—A 1

o4 = 1A ifb—l—ZAa 1mply1ngq,4—§, and

N 11-2A . 1—-A .

oa < = if b > a, implying g4 = 0.

21-A 1—2A

—A
—2A

We now treat b = 1 2Aa if b > QAa and b < {—xa as separate cases and
consider whether there is an F,(x) that yields a h1gher winning probability.
(1) For b <
further, as it is already equal to 1.
(i) For b =
equal to 1 1= 2AA among the buyable voters and a winning probability g4 = %

We ask 1f there is an F), (x) that yields a vote share that exceeds %lliQAA. The

Sa, an F,(z) could not increase the winning probability

— Aa the allocation rule (1) induces a vote share for A that is

vote share is

for all possible F

(1) induces a vote share for A that

: 11-2A
is smaller than 55=%

among the buyable voters and a winning probability

ga = 0. We ask again if there is an F,(z) that yields a positive winning
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probability. The vote share is

+o0 R

Gy(z)dF,(z)

+oo

T ~
L 4F
op al®)

VAN
Rleas— —

a 11-2A

< == .
1-A
2:5xa 2 1-A

The last strict inequality comes from b > 11__2AA a. This completes Step (II).

Step (III): The proof in (I) and (II) identified a hyperplane

1—-2A
a(b) = 1—Ab’

which separates the a — b space such that

1 if a>a(b)
qa(a,b) =4 3 if a=a(d) .
0 if a<a(d)

and gg =1 — qa.

Steps (IV) and (V) are identical to the ones in the proof of Theorem 1.
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